Abstract. We give a hyperk ahler analogue of the classi cation of compact homogeneous K ahler manifolds. Namely we show that, for a compact semisimple Lie group G, the complete G-invariant hyperk ahler manifolds which are also locally G chomogeneous with respect to one of the complex structures are precisely the hyperk ahler metrics of Kronheimer, Biquard and Kovalev on coadjoint semisimple orbits of G c . As a consequence the only complete hyperk ahler metrics which are of cohomogeneity one with respect to a triholomorphic action of compact semisimple Lie group are the at metric on H n and the Calabi metric on T C P n .
Introduction
The simplest examples of manifolds carrying a particular geometric structure are the homogeneous ones and any attempt of classi cation starts (and usually ends) with these. We give two examples: under mild assumptions on the group G, the symplectic manifolds homogeneous with respect to G are coadjoint orbits of G with the standard Kirillov-Kostant-Souriau symplectic form. Similarily the compact simply connected homogeneous K ahler manifolds are the coadjoint orbits of a compact semisimple Lie group (with the standard K ahler form but usually a non-normal metric). Recently there has been a considerable interest in the quaternionic analogue of K ahler manifolds, the so-called hyperk ahler manifolds. By de nition a Riemannian manifold M is hyperk ahler if its metric is K ahler with respect to three anticommuting complex structures. This condition forces the dimension of M to be 4n and its holonomy to lie inside Sp(n). As a consequence hyperk ahler manifolds are Ricci at and, in particular the homogeneous ones are at. On the other hand, K ahler is to symplectic what hyperk ahler is to complexsymplectic. The homogeneous complex-symplectic manifolds have been classi ed (under the same assumption on the group as in the symplectic case) by Lichnerowicz 17] -up to coverings they are coadjoint orbits of complex Lie groups with the Typeset by A M S-T E X 1 complex Kirillov-Kostant-Souriau symplectic form . Therefore it seems to us that the natural analogues of compact homogeneous K ahler manifolds are the hyperk ahler manifolds whose hyperk ahler structure is invariant under an action of a compact semisimple Lie group G and which are G c -homogeneous with respect to one of the complex structures. By the above result of Lichnerowicz such a manifold is di eomorphic to a coadjoint orbit of the complexi ed Lie group G c and, indeed, these were shown by Kronheimer 14, 15] , Biquard 4] and Kovalev 13] to carry hyperk ahler metrics. We are going to prove that in the complete case these are all the metrics satisfying the conditions of the previous paragraph (as explained below, in the incomplete case we know that there are others). We can actually relax the assumptions to the local homogeneity with respect to G c : Theorem 1. Let (M; g; I 1 ; I 2 ; I 3 ) be a connected complete hyperk ahler manifold.
Suppose that a compact semisimple Lie group G acts on M preserving the metric and the complex structures and suppose further that the tangent space T m M at any point m 2 M is spanned by f X ; I 1 X ; 2 g = Lie(G)g where X is the Killing vector eld corresponding to 2 g. Then M is isometric to a coadjoint semisimple orbit of the complexi ed group G c with a Kronheimer-Biquard-Kovalev metric.
Remarks. 1. We will show that the isometry is also a biholomorphism with respect to each complex structure I 1 ; I 2 ; I 3 . 2. The assumption on the way G acts can be weakened to the following 8]: G acts isometrically and any SO(3) or SU(2) factor of G acts triholomorphically. Indeed, an isometric action of G induces a representation of G on the space of parallel 2-forms which are precisely the linear combinations of the K ahler forms ! i = g(I i ; ), i = 1; 2; 3. It is therefore enough to assume that this 3-dimensional representation is trivial. 3. Without the assumption on completeness, the manifold M will still be locally di eomorphic to a coadjoint orbit, however the examples of Belinski et al. 1] show that one cannot expect the statement on isometry to hold, at least in dimension 4. We hope to address the incomplete case in a subsequent work.
The proof of Theorem 1 is based on the study of the moment map ow. The hyperk ahler metrics of Kronheimer, Biquard and -metrics on moduli spaces of U(1)-invariant instantons on R 2 nf0g) and are described by Nahm's equations (see section 2). The idea behind our proof is to use the three moment maps 1 ; 2 ; 3 for the action of G and to show that, along a path of steepest descent for the function k 2 k 2 (or k 3 k 2 ), these moment maps satisfy Nahm's equations.
The proof of Theorem 1 gives us the following result (the \if" part of i) was shown by Biquard 4] Suppose that g is of cohomogeneity one with respect to a compact semisimple Lie group G such that any SO(3) or SU(2) factor of G acts triholomorphically. Then (M; g) is isometric either to the at H n or to T C P n with the Calabi metric.
Let us remark that the assumption on the action of the 3-dimensional factors is essential, even in dimension greater than 4, as is shown by the example of the higher dimensional analogue of the Taub-NUT metric 9].
Hyperk ahler metrics on coadjoint orbits
In this section we brie y describe, after Kronheimer, Biquard and Kovalev, the hyperk ahler structures on coadjoint orbits of a complex semisimple Lie group G c . In what follows we identify the coadjoint orbits with the adjoint ones via an invariant inner product. The hyperk ahler structures on adjoint orbits are given in terms of Nahm's equations. These are ordinary di erential equations for smooth Lie algebra valued functions T j : 0; +1) ! g, j = 0; 1; 2; 3. Here g is the real (compact) Lie algebra. One can think of ( T 0 (t); T 1 (t); T 2 (t); T 3 (t) ) as components of an anti-self-dual R elements of g generating su(2). Now we consider the moduli space of solutions to (2.1) such that
for some > 0, where the norm is given by the Killing form (in case of a regular orbit one can replace this by the exponential decay). The relevant gauge group consists of gauge transformations g(t) preserving this condition and satisfying g(0) = 1. Let us denote this moduli space by M = M( 1 ; 2 ; 3 ; Y ). The existence of a hyperk ahler structure on the moduli space of solutions to Nahm's equations is a general phenomenon and can be described by means of the (in nite-dimensional) hyperk ahler quotient construction (cf. 14]). The tangent space can be described as the space of solutions to the linearized Nahm's equations and satisfying the condition of being orthogonal (in the L 2 -metric) to vectors arising from in nitesimal gauge transformations. In other words the tangent space to M at a solution (T 0 ; T 1 ; T 2 ; T 3 ) can be identi ed (cf. 14]) with the set of solutions (t 0 ; t 1 ; t 2 ; t 3 ) to the following system of linear equations: The three anti-commuting complex structures can be seen by writing a tangent vector as t 0 + it 1 + jt 2 + kt 3 . In the regular case, i.e. when C( 2 ; 3 ) = C(h 0 ), Kronheimer and then Biquard and Kovalev show that T 2 (0) + iT 3 (0) is conjugate to 2 + i 3 + Y and the assignment (T 1 (t); T 2 (t); T 3 (t)) 7 ! T 2 (0) + iT 3 such that there exists a g 2 G with
for some > 0. We will nish this section by relating the above construction to the compact homogeneous K ahler manifolds. Let us consider the hyperk ahler manifolds M( 1 ; 0; 0; 0). As Biquard 4] shows, this manifold is biholomorphic, with respect to I 1 , to T(G=C( 1 )). Moreover M( 1 ; 0; 0; 0) admits an isometric S 1 -action, given by T 2 + iT 3 7 ! e i (T 2 + iT 3 ) which preserves the complex structure I 1 . The set of xed points of this action is therefore a K ahler manifold. It corresponds to the set of points in M( 1 ; 0; 0; 0) for which T 2 = T 3 0, i.e. to the moduli space of solutions to the equation _ T 1 = T 1 ; T 0 ]. The tangent space at (T 0 ; T 1 ) is the set of solutions (t 0 ; t 1 and the complex structure sends (t 0 ; t 1 ) to (?t 1 ; t 0 ). Since by using the gauge freedom we can always achieve that T 0 0 and so T 1 is constant, the equations (1.7) are easy to solve and it is not di cult to express the complex structure in terms of the Killing vector elds on G=C( 1 ). We nd that this is the canonical complex structure of a compact homogeneous K ahler manifold 2].
Proof of Theorem 1
The key idea of the proof is to use the three moment maps 1 ; 2 ; 3 (see below)
and show that along a path m(t) of steepest descent for the function F : M ! g de ned by
the functions T i (t) = i (m(t)) satisfy the Nahm equations.
We recall that whenever a connected compact semisimple Lie group acts isometrically and triholomorphically on a hyperk ahler manifold (M; g; I 1 ; I 2 ; I 3 ) there exist 10,11] unique equivariant moment maps i : M ! g ' g, i = 1; 2; 3, such that
for any 2 g (X denotes the corresponding Killing vector eld).
Let us make here an observation that, since we assume M to be connected, we can replace G by its component of identity and so we can assume that G is connected. Therefore we have a hyperk ahler moment map. The map . Now F(m(t)) = which shows that m(t) has nite length if r < +1. Consider now the case of r = +1. It follows from results of Biquard that the functions T i (t) must satisfy (1.6) for some i ; & i , i = 1; 2; 3, and so d 2 dt 2 F(m(t)) =
The set of the limit points of the trajectory of ?rF is connected. However, the image of this set under 2 + i 3 is a single point. Since 2 + i 3 is a local di eomorphism, the limit point must be unique. It follows now from the uniqueness of the quaternionic Obata connection that the map preserves the Levi-Civita connection. To obtain the statement on isometry we proceed as follows. LetM be the universal covering of M. ThenM carries a natural hyperk ahler structure and we still have a mapM ! M( 1 ; 2 ; 3 ; 0) which preserves the Levi-Civita connection. Let M = M 1 : : : M k be the de Rham decomposition ofM. We need now the following proposition on the de Rham decomposition of the Kronheimer-Biquard-Kovalev metrics whose proof we postpone till later. where the i-th factor is an orbit of G i . In particular, when G is simple, M( 1 ; 2 ; 3 ; 0) is irreducible.
Since it preserves the Levi-Civita connection, the mapM ! M( 1 ; 2 ; 3 ; 0) preserves the de Rham decomposition. Each M i is mapped into some M( i ( 1 ); i ( 2 ); i ( 3 ); 0). Since they are both simply connected complete irreducible Riemmanian manifolds with the same Levi-Civita connection, this map must be an isometry up to a homothety. However M( i ( 1 ); i ( 2 ); i ( 3 ); 0) with the metric multiplied by a factor r is isometric to M(r 2 i ( 1 ) ; 0) and that this map is now a local isometry. Since M is complete and semisimple orbits are simply connected, this map must be an isometry. Theorem 1 is now proven except for a proof of Proposition 2.5 which we proceed to give now.
It follows directly from the de nition of the manifolds M( 1 ; 2 ; 3 ; 0) that they split as described in Proposition 2.5. Therefore it is enough to show that M = M( 1 ; 2 ; 3 ; 0) is irreducible for a connected simple Lie group G. Suppose it is not. Then, since it is simply connected (we can always realize an adjoint semisimple orbit as an orbit in the universal covering of G c ; the simple connectivity follows then from the long exact homotopy sequence) and complete by result of Biquard 4] Therefore if the singular orbit B is not a point, then there is a complex structure, say I 1 , such that T p M = T p B + I 1 (T p B) for any p 2 B. Indeed, if not, then B is a compact homogeneous hyperk ahler manifold which contradicts the semisimplicity of G. Hence all the assumptions of Theorem 1 are satis ed in this case and we can conclude that M is a semisimple complex adjoint orbit. Moreover, since such an orbit of a non-simple group is just a product of orbits of simple factors, we can assume that G is simple. Now we can use the argument of 8, Remark 2.2]: semisimple adjoint orbit is Gequivariantly di eomorphic to T(G=K) with K compact, and so it is of cohomogeneity one if and only if G=K an isotropic (cf. 2]) homogeneous space (with respect to the normal metric). This implies 2] that G=K is rank one symmetric. Since G=K also admits a G-invariant K ahler structure, it must be C P n . There remains the case when the singular orbit is a point, say p. In this case Lemma 2.1 still holds for Mnfpg and Lemma 2.2 remains true. The limit point of any path of steepest descent for the function 1 2 k 2 k 2 is now p. We can still argue as in section 2 that there is a local di eomorphism from Mnfpg to M(0; 0; 0; Y ), for some nilpotent Y 2 g c , and that this map preserves the Levi-Civita connection. In fact the existence of is now much simpler to show, since, for a nilpotent orbit, a solution (T 1 (t); T 2 (t); T 3 (t)) to Nahm's equations is completely determined by T 2 (0) + iT 3 (0) (there is only one moduli space of solutions corresponding to each nilpotent orbit). Taking the universal cover and using the de Rham decomposition we can conclude that a complete hyperk ahler manifold of cohomogeneity one is either locally Euclidean or locally irreducible. Since G is semisimple, locally Euclidean actually implies Euclidean. We will show that M cannot be locally irreducible. If it were, could be assumed to be a local isometry (and a biholomorphism with respect to any complex structure). Using Proposition 5.5 of 18], we can conclude that Mnfpg is isometric to the Riemannian cone over a 3-Sasakian manifold (cf. 5]). Such a metric can be completed by adding a point if and only if it is the at metric on Therefore, if the singular orbit is a point, then M is isometric to the at H n .
